The velocity fluctuations present in macroscopically homogeneous suspensions of neutrally buoyant, non-Brownian spheres undergoing simple shear flow, and their dependence on the microstructure developed by the suspensions, are investigated in the limit of vanishingly small Reynolds numbers using Stokesian dynamics simulations. We show that, in the dilute limit, the standard deviation of the velocity fluctuations (the so-called suspension temperature) is proportional to the volume fraction, in both the transverse and the flow directions, and that a theoretical prediction, which considers only for the hydrodynamic interactions between isolated pairs of spheres, is in good agreement with the numerical results at low concentrations. Furthermore, we show that the whole velocity autocorrelation function can be predicted, in the dilute limit, based purely in two-particle encounters. We also simulate the velocity fluctuations that would result from a random hard-sphere distribution of spheres in simple shear flow, and thereby investigate the effects of the microstructure on the velocity fluctuations. Analogous results are discussed for the fluctuations in the angular velocity of the suspended spheres. In addition, we present the probability density functions for all the linear and angular velocity compo- The simulations include a non-hydrodynamic repulsive force between the spheres which, although extremely short ranged, leads to the development of fore-aft asymmetric distributions for large enough volume fractions, if the range of that force is kept unchanged.
Introduction
The problem of determining the velocity fluctuations in suspensions of non-Brownian solid spheres in Stokes flows is one of long-standing difficulty due to the underlying longrange many-body hydrodynamic interactions between the suspended particles. Even an apparently very simple case, that of determining the dependence on the shear rate of the velocity fluctuations in simple shear flows, remains a matter of some controversy (Shapley et al. 2002) . What is clear is that, although the suspension might be homogeneous at macroscopic scales, the continuous rearrangements in the suspension microstructure and the corresponding hydrodynamic interactions between particles lead to fluctu-ations in the particle velocities about their mean values, in both the transverse and the flow directions.
In our previous work (Drazer et al. 2002 , to be referred hereafter as paper I), we showed that the dynamics of sheared suspensions is chaotic and offered evidence that the chaotic motion is responsible for the loss of memory in the evolution of the system. This loss of memory, coupled with the fluctuations in the velocity of the spheres, ultimately leads to the phenomenon of shear-induced particle diffusion.
The variance, or the standard deviation (STD), of the velocity fluctuations is the simplest measure of the magnitude of such fluctuations and is sometimes referred to as the suspension temperature, which in the case of an anisotropic motion of the suspended spheres would actually be a tensor (covariance matrix). The suspension temperature is relevant to the migration and diffusion of particles in shear flows, phenomena that occur in a wide variety of natural as well as engineering problems, ranging from the dispersion and migration of red blood cells (Bishop et al. 2002) to the food industry (Cullen et al. 2000; Gotz et al. 2003) , hence it is important to determine its properties. In particular, we are interested in the dependence of the velocity fluctuations on the concentration and microstructure of the suspension. Unfortunately, and in contrast to the well-studied sedimentation problem, velocity fluctuations in sheared suspensions have received little attention thus far. In recent experiments, Averbakh et al. (1997) ; Shauly et al. (1997) ; Lyon & Leal (1998) and Shapley et al. (2002) used laser-Doppler velocimetry (LDV) to measure the velocity fluctuations in concentrated suspensions of monodisperse spheres. Averbakh et al. (1997) and Shauly et al. (1997) measured such velocity fluctuations in rectangular ducts and found that the STD's, both along and transverse to the flow, depend linearly on the shear rate (or on the maximum velocity inside the rectangular 1 channel), as expected in the Stokes limit †. Lyon & Leal (1998) measured the timeaveraged local STD in the direction of the flow, for concentrated suspensions flowing in a two-dimensional rectangular channel, and also found a linear dependence on the volumetric flow rate. Shapley et al. (2002) presented the first detailed measurements of the velocity fluctuations in both the transverse and the flow directions, as well as of the dependence of the suspension temperature on the volume fraction and shear rate, for suspensions undergoing simple shear flow in a Couette device. Their results stress the difficulties encountered in such measurements and the discrepancy among different experimental results. They found a highly anisotropic temperature tensor, with the magnitude of the fluctuations in both transverse components of the velocity smaller than that in the direction of the bulk flow. Shapley et al. (2002) also found that the temperature is not monotonically increasing with volume fraction, as is usually expected, but shows a different behavior for each of its components. Specifically, the component of the temperature in the direction of flow was found to decrease with concentration, that in the direction of the gradient stayed constant, while that in the vorticity direction initially increased in magnitude with increasing concentrations and then decreased for concentrations larger than 40%. Finally, and most surprisingly, Shapley et al. (2002) found that, whereas the fluctuations in the direction of the flow increased linearly with shear rate (as expected for any flow in the Stokes regime), the STD in the vorticity direction increased non-linearly, while that in the gradient direction slightly decreased with shear rate.
In terms of the suspension spatial structure, although a larger body of experimental information exists concerning the microscopic structure developed by suspensions of † Let us note that in these experiments, the main contribution to the measured STD's were not actual fluctuations but migration and angular velocities of the suspended particles, as noted by the authors. monodisperse, non-Brownian spheres undergoing linear shear flow, no measurements of how the velocity fluctuations are affected by the suspension microstructure appear to have been conducted thus far. Recall that the experimental work of Gadala-Maria & Acrivos (1980) provided, for the first time, clear evidence that concentrated suspensions of monodisperse, non-Brownian spheres develop an anisotropic structure when sheared. They showed that, when the direction of shear was reversed, the shear stress measured in a parallel plate device underwent a transient response not present when the shearing was started again in the same direction, and thereby concluded that the underlying structure was not only anisotropic but asymmetric under reversal of the flow direction, i.e. fore-aft asymmetric. Their oscillatory experiments showed similar results, in that the measured dynamic viscosity µ ′ , although independent of the frequency of oscillation at low frequency, was consistently smaller that the shear viscosity µ of the suspension, stressing again the presence of a microscopic structure induced by the shear. In recent experiments, Kolli et al. (2002) used a parallel ring geometry that allowed them to measure the normal stress response to shear reversal in concentrated suspensions, in addition to measuring the shear stress behavior, and found a transient response in both the normal and the shear stresses when the shear was restarted in the opposite direction. Moreover, the absolute value of both the normal and the shear stresses changed at the very instant of flow reversal, which means that the fore-aft asymmetry in the microstructure alone is not enough to explain the observed response in the stress upon shear reversal, but that non-hydrodynamic forces must also have been acting on the system, either in the form of repulsion forces or of rough contacts between spheres. Even more complicated shear stress responses, including shear-induced ordering, has been recently reported at large concentrations (φ > 50%), probably corresponding to a regime in which nonhydrodynamic interactions dominate the behavior of the system (Voltz et al. 2002) . The 1 , J. Koplik 1 , B. Khusid 2 and A. Acrivos 1 first direct observations of the microscopic structure developed by dilute suspensions (φ = 1% − 5%) undergoing shear were presented by Husband & Gadala-Maria (1987) , who measured in a Couette device the relative distribution of spheres centers in the plane of shear, and then by averaging over many realizations, found an anisotropic but fore-aft symmetric distribution of close particles. The anisotropy was attributed to the presence of pairs of spheres rotating around each other forming permanent doublets. On the other hand, in similar experiments, Parsi & Gadala-Maria (1987) showed that concentrated suspensions (φ = 40% − 50%) do exhibit fore-aft asymmetry, with a larger probability of finding pairs of spheres oriented on the approaching side of the reference particle, and attributed this asymmetric distribution to either the intrinsic roughness of the spheres or to the presence of a non-hydrodynamic repulsive force between particles. More recently, Rampall et al. (1997) used a substantially improved flow-visualization technique to measure the pair distribution function of dilute suspensions (φ = 5% − 15%) undergoing simple shear flow in a shear tank apparatus, and showed that, contrary to the results of Husband & Gadala-Maria (1987) , there is a depletion of permanent doublets moving in the region of closed streamlines, and that even for concentrations as small as 5% the distribution is fore-aft asymmetric. Using the surface roughness model of da Cunha & Hinch (1996) , and assuming that no particles formed permanent doublets, Rampall et al. (1997) were able to reproduce the qualitative trends in the pair distribution function, but the predicted depletion of spheres in the regions aligned with the flow was much larger than that observed.
In view of the contradictory results outlined before, it is clear that numerical simulations, specifically Stokesian dynamics which are well suited for studying low-Reynolds number flows of suspensions (Brady 2001) , offer an important complement to experiments, in that they can provide detailed, microscopic information that is not accessible via currently available experimental techniques. In their original work describing their Stokesian dynamics method, Bossis & Brady (1984) showed that the pair distribution function of unbounded suspensions undergoing simple shear flow had an angular dependence, with the microstructure being no longer fore-aft symmetric, and that very few particles were oriented in the receding side of the reference sphere. In paper I, we also showed such a break in the fore-aft symmetry in the presence of large non-hydrodynamic forces acting between the spheres but, for sufficiently small repulsion forces, we found that, although anisotropic, the pair distribution function becomes fore-aft symmetric, as expected for purely hydrodynamic interactions. To our knowledge, however, as yet no systematic numerical investigation has been made of the velocity fluctuations in sheared suspensions and their dependence on the underlying microstructure of the suspension.
It is the purpose of this paper to investigate the velocity fluctuations present in a macroscopically homogeneous, unbounded suspension of neutrally buoyant, non-Brownian spheres subject to a simple shear flow in the limit of vanishingly small Reynolds numbers using
Stokesian dynamics, and their dependence on the microstructure developed by the suspensions. First, we shall focus on the anisotropic, but fore-aft symmetric, distribution of close pairs observed in dilute suspensions, and show how it can be accurately described assuming the absence of permanent doublets of spheres, as first suggested by Rampall et al. (1997) . We shall also point out that, although the use of a non-hydrodynamic interparticle force of extremely short range will yield symmetric distributions, as was reported in paper I, the suspensions develop a fore-aft asymmetry for large enough volume fractions if the range of that force is kept unchanged. Then, we shall show that the pair distribution function g BG (r) obtained by Batchelor & Green (1972b) Batchelor & Green (1972a) for the particle velocities of two freely suspended spheres interacting only through hydrodynamic forces in the presence of a simple shear flow, and then compare the results with those obtained from the numerical simulations. Some general properties of the temperature tensor valid for isotropic pair distribution functions will also be discussed. The velocity fluctuations at larger concentrations show the effect of the anisotropic structure developed by the flow in that some symmetries of the temperature tensor are lost. We also simulate the velocity fluctuations that would result from a random hard-sphere spatial distribution of particles in a simple shear flow, and thereby are able to further investigate the effects of the microstructure, both its angular and radial dependence, on the temperature tensor. In addition, the numerical simulations provide a full picture of the velocity fluctuations and to this end we shall present the probability density functions for all the linear and angular velocity components at three different concentrations, showing a transition from a Gaussian to an Exponential and finally to a Stretched Exponential form as the volume fraction is decreased. Finally, we shall propose a simple correction to the data reduction analysis of the velocity measurements in LDV experiments, that only depends on the mean angular rotation of the spheres in the vorticity direction, and which substantially improves the interpretation of the LDV measurements at low volume fractions.
Simulation method: Stokesian dynamics
We investigate the behavior of suspensions of non-Brownian particles subject to simple shear using the method of Stokesian dynamics. A detailed description of the method is given in a review by Brady & Bossis (1988) , and the specifics of our simulations were already discussed in paper I, hence only a brief discussion is presented here. The method accounts for the hydrodynamic forces between solid spheres undergoing simple shear, characterized by a shear rateγ, in the limit of zero Reynolds number. In order to simulate the behavior of infinite suspensions, periodic boundary conditions in all directions are imposed. The simulated cubic cell contains a fixed number of spheres N , related to the volume fraction φ by φ = (4πa 3 /3)N/V , where V is the volume of the cell. Interactions between particles more than a cell apart are included using the Ewald method. A typical simulation consisted of N = 64 particles sheared over a period of time t ∼ 100γ −1 , and all measurements to be reported in this work are for strainsγt in excess of 50, when the system has reached its steady or fully developed state. The motion of the particles was integrated using a constant time step ∆t = 10 −3γ−1 . The results are averaged over N c ∼ 100 different initial configurations, with each initial configuration corresponding to a random distribution of non-overlapping spheres in the simulation cell, using the random-phase average method proposed by Marchioro & Acrivos (2001) . In what follows, we shall express all the variables in dimensionless units, using the radius of the spheres a as the characteristic length andγ −1 as the characteristic time.
In a suspension of monodisperse spheres undergoing simple shear the separation between spheres may become exceedingly small during two-particle collisions (less than 10
of their radius), and the effects of surface roughness or small Brownian displacements cannot be neglected. Usually, a short-ranged, repulsive force is introduced between the spheres to qualitatively model the effect of these non-hydrodynamic interactions, with the numerical advantage of preventing any overlaps during close encounters between particles. As in paper I, we used the following standard expression for the repulsive 1 , J. Koplik 1 , B. Khusid 2 and A. Acrivos 1 interparticle force,
where 6πµa 2γ F αβ , with µ being the viscosity of the suspending liquid, is the force exerted on sphere α by sphere β, F 0 is a dimensionless coefficient reflecting the magnitude of this force, r c is the characteristic range of the force, ǫ is the distance of closest approach between the surfaces of the two spheres divided by a, and e αβ is the unit vector connecting their centers pointing from β to α.
The effect of the characteristic range of the interparticle force r c on the microscopic structure of the suspension was discussed in paper I. First, we showed that the minimum separation reached by colliding spheres, and therefore the first peak in the pair distribution function, is strongly affected by the range of the interparticle force in that, as r c increases, the minimum separation between neighboring particles also increases.
Then, we showed that, in general, the presence of a repulsive force breaks the fore-aft symmetry of the particle trajectories in a simple shear flow. However, we also showed that the symmetry is recovered, for small enough values of the force range, r c ∼ 10 −4 , at least in the sense that no asymmetry was observed in the angular dependence of the numerically computed pair distribution function. In this work, we use this small range for the interparticle force, r c ∼ 10 −4 .
Microscopic structure induced by the shear
The investigation of the microscopic structure developed by suspensions undergoing shear flow followed the pioneering work by Batchelor & Green (1972b) , where an expression was derived for the pair distribution function g(r) in the dilute limit. This function is related to P (r|r 0 ), the probability of finding a sphere with its center at r given that there is a sphere with its center at r 0 = 0, by P (r|r 0 ) = φg(r)(3/4π). Recall that, even a random hard-sphere distribution leads to correlations in the position of any two particles due to excluded volume effects, and typically displays a liquid-like microstructure at high volume fractions. But, in addition to these excluded volume effects, hydrodynamic interactions between spheres lead to surprising results. Specifically, Batchelor & Green (1972b) showed that the pair distribution function is an isotropic function of the distance between the two spheres, i. e. g(r) = g(r), and that it diverges as r → 2, which means that pairs of particles are substantially more likely to be found near contact in a sheared suspension than in a random hard-sphere distribution. In turn, this implies a high correlation in the position of the spheres that is not present in a random hardsphere configuration. The expression for g(r) derived by Batchelor & Green (1972b) in the dilute approximation is,
where the mobility functions A and B are functions only of r. Here, we shall use the expressions for these functions given by da Cunha & Hinch (1996) , who divided the interval r > 2 into three different regions (see da Cunha & Hinch (1996) for details on how they obtained the expressions for A and B in each region). Specifically: a) within the lubrication region 2 < r ≤ 2.01,
, To be precise, these results for the pair distribution function g BG (r), apply only to particles that are initially far from each other, and therefore spatially uncorrelated. But, in the limit of purely hydrodynamic interactions and very dilute suspensions (no threeparticle interactions), there is a region of close trajectories in r-space, where pairs of particles remain correlated at all times forming permanent doublets (Batchelor & Green 1972a) . In this case, accounting for the probability distribution of particles forming permanent doublets would require the knowledge of the initial distribution of the particles.
On the other hand, the presence of any non-hydrodynamic interaction, such as roughness or repulsion forces, or the existence of three-particle collisions, would generate a transfer of particles across the streamlines and therefore remove the need for specifying the initial distribution of spheres. Even so, to obtain the probability distribution would still require the full knowledge of the transfer process (the combination of three-particle collisions and non-hydrodynamic interactions), and the solution of the corresponding boundary value problem.
This implies that the pair distribution function may actually be anisotropic simply due to the distribution of pairs forming permanent doublets in that, although the distribution of particles outside the region of closed streamlines does not have an angular structure in the dilute limit, as shown by Batchelor & Green (1972b) , the distribution of particles in the region of closed streamlines, which extends to r → ∞, may actually render the complete pair distribution function anisotropic. In fact, in paper I we showed that, although for exceedingly short ranged repulsion forces, r c ∼ 10 −4 , the pair distribution function The solid line is obtained using the pair distribution function given in Eq.3.1 for the region outside the closed streamlines and assuming zero probability of finding a pair forming a permanent doublet (see text for a more detailed explanation).
for close particles recovered its expected fore-aft symmetry, it remained anisotropic. In figure 1 we present g R (θ), the angular dependence of the pair distribution function of pairs closer than a certain distance R, as defined in paper I, for different concentrations of the suspension (as mentioned in section §2, all numerical results are for a range r c = 10
of the interparticle force, which is the smallest value of the force range simulated in paper I). It can be seen that, even for this exceedingly short ranged interparticle force, fore-aft symmetry is broken at large enough concentrations, and that the distributions show a larger number of pairs oriented on the approaching side of the reference sphere than on 1 , J. closed streamlines for a pair of interacting spheres (Batchelor & Green 1972a ) . The solid line represents the intersection of the plane of shear x1 − x2 with the surface bounding the region of closed trajectories, which can be formed by rotating this curve about the x2 axis together with its mirror image obtained by reflection about the x1 axis. The gray circle of radius a represents the reference sphere and the circle of radius 2a encloses the excluded volume. Then, a particle with its center located inside the sphere of radius R forms, with the reference sphere, a pair that is closer than R, and is included in gR(θ). For a given angle θ, the distribution of pairs closer than R is calculated by integrating the pair distribution function given in Eq. 3.1 only in the shaded region, which corresponds to open trajectories only, because the region of closed trajectories is considered to have a negligible effect due to the depletion of permanent doublets. the receding one. More importantly, the angular distribution function seems to reach, in the dilute limit, an asymptotic distribution which is anisotropic and shows a depletion of pairs oriented close to the flow direction. This suggests a depletion of permanent doublets, which spend more time nearly aligned along the direction of the flow, and seems to indi- cate that, as speculated by Rampall et al. (1997) , any mechanism forcing particles into the region of closed streamlines is small compared to the effect of the non-hydrodynamic forces which eliminates particles from this region, and ultimately leaves only a negligible number of pairs forming permanent doublets. In this case, the pair distribution function in the dilute limit should be the combination of g BG (r) for the region of open trajectories and a zero probability inside the region of closed streamlines. We show schematically, in figure 2, how we can then approximate the angular dependence of the pair distribution function of pairs closer than a certain distance R, using the expression for the surface 1 , J. (Batchelor & Green 1972a ),
Clearly, the surface is axisymmetric with x 2 as the symmetry axis. (Here, and in what follows, the Cartesian axis 1 lies along the direction of the mean flow, 2 is perpendicular to 1 along the plane of shear, and 3 is the vorticity axis.)
In figure 1 , we compare this approximation to the angular dependence of the pair distribution function of close pairs (R = 2.01) with the numerical results, and find a very good agreement for concentrations smaller than 5%. Moreover, in figure 3, we show that this approximation accurately describes the anisotropy found for the pair distribution function of pairs with an order of magnitude larger range of separations, i.e. R = 2.1, thus validating the assumption of a complete depletion of pairs forming permanent doublets.
Finally, in figure 4, we present the radial dependence of the pair distribution function, i.e. the pair distribution function integrated over both spherical angles, as obtained in the numerical simulations at different particle concentrations. We also compare the numerical results with the pair distribution function given in Eq. 3.1, and find that, although g BG (r) does not account for the effect of the closed trajectories, in particular the observed depletion of permanent doublets, it both follows the simulation results fairly accurately over a wide range of r, as well as captures the substantial increase in the probability of finding pairs of particles near contact. On the other hand, g BG (r) seems to overestimate the asymptotic distribution in the dilute limit, and is unable to take into account the effects of the depletion of permanent doublets, which would ultimately lead to g which as we shall see, allows us to obtain a reasonably accurate estimate of the velocity fluctuations in the dilute limit.
Velocity fluctuations
Following Batchelor's notation (Batchelor 1972 ) the temperature tensor (the covariance matrix of the velocity fluctuations (van Kampen 1987)) can be written as, is clear that T 12 = 0. Thus, the temperature tensor should be diagonal, as long as the probability density of particle configurations is invariant under those changes, i.e. as long as P (C N |r) remains invariant under the transformations x 1 ↔ −x 1 and x 2 ↔ −x 2 .
In summary, for any concentration and a symmetry preserving configurational probability P (C N |r), we have that the off-diagonals terms of the temperature tensor are null and that the temperatures in the plane of shear are equal,
In the dilute limit, the fluctuations in the velocity come from two-particle interactions, and from the far-field form of these interactions it can be shown that any component of the temperature tensor, of the form δv i δv j , decays faster than 1/r 3 and therefore, its average value can be directly computed by averaging the hydrodynamic interaction between a pair of spheres over all possible configurations,
which gives a linear dependence of the temperature components on the volume fraction,
For two freely-moving spheres in a simple shear flow, the velocity fluctuation of a sphere induced by a second sphere the center of which is located at r is given by (da Cunha & Hinch 1996) :
where e = x 1 x 2 (B − A)/r 2 . Using these equations, it can be easily shown that for a pair distribution function which depends only on r, the temperature tensor is not only diagonal, but that T 33 , its component in the vorticity direction, is smaller than the temperature in the plane of shear, Table 1 . Temperature tensor in the dilute limit, computed using Eqs. 4.4-4.7 for two different pair distribution functions, one for a hard-sphere distribution, and the other given by Batchelor & Green (1972b) for a simple shear flow in the dilute limit, Eq. 3.1. Also given is the contribution to the velocity fluctuations coming from the three different regions in which the mobility functions A and B are divided, i.e. the lubrication region (2 < r ≤ 2.01), the intermediate region (2.01 < r ≤ 2.5) and the far-field region (2.5 < r).
In Table 1 , we present the diagonal terms of the temperature tensor in the dilute limit, obtained from the numerical integration of Eq. 4.4 for two different isotropic pair distribution functions, corresponding to a random distribution of hard spheres, g HS (r) = 1, and to Batchelor & Green's result for a suspension in a simple shear flow, g BG (r) given by Eq. 3.1 (Batchelor & Green 1972b) . Note that, although in our numerical simulations we observe a depletion of permanent doublets in the dilute limit, we first neglect this effect, and compute the temperature terms by numerically calculating the integrals in Eq.4.4 using g BG (r), for all possible angular orientations. As we shall see, for dilute suspensions, this provides a satisfactory approximation to the temperature tensor computed from our numerical simulations. The contribution to the integral of each region in which the mobility functions A and B are divided, i.e. the lubrication, intermediate and far-field regions, is also given in Table 1 . As expected, the far-field contribution is practically identical in both cases, since in fact g BG (r) asymptotically approaches g HS (r) for r → ∞. The computed values of t11;22 and t33 are given in the second part of table 1. The discrepancy between theory and numerical results is about 25%.
On the other hand, the contribution of the lubrication region to the velocity fluctuations is at least an order of magnitude larger if computed using g BG (r) because, in that case, the probability of finding two nearly touching spheres is substantially larger than in the hard-sphere case. On the other hand, the anisotropy ratio in the dilute limit is similar in both cases, T 11 /T 33 ∼ 4.
In figure 5 , we present the diagonal terms of the temperature tensor as a function of Symbols correspond to the results obtained using the SD method for a volume fraction φ = 0.03.
Solid lines correspond to the numerical computation of the velocity autocorrelation function using two-particle interactions only.
the dilute limit, which is consistent with the existence of an isotropic pair distribution function and indicates that the effect of the particle-depleted region of closed streamlines is not measurable. In addition, the decay of the velocity fluctuations follows the dilute limit scaling given by Eq. 4.4, viz. that T ij is proportional to φ, even for surprisingly high volume fractions. On the other hand, at larger concentrations we see that the T 11
and T 22 curves separate from each other, which is evidence of the structure developed by the suspension at high concentrations. In fact, in figure 1 we showed that, although we have a very short-ranged interparticle force, r c = 10 −4 , the pair distribution function has fore-aft symmetry in the dilute limit, for larger concentrations this symmetry no longer holds.
The agreement observed in figure 5 , between the suspension temperature computed in the dilute limit using g BG (r) and via the numerical simulations, shows that, as expected, the dominant contribution to the velocity fluctuations arises from two-particle hydrodynamic interactions. Furthermore, in paper I, we argued that in the dilute limit, the whole velocity autocorrelation function converges to an asymptotic function dominated by two-particle encounters. To further investigate the dilute limit behavior of the velocity fluctuations, we therefore computed the velocity autocorrelation function on the basis only o two-particle hydrodynamic interactions, using Eqs. 4.5-4.7. In order to do that, we simulated a large number of two-particle encounters (N c = 2 × 10 5 ) between a test sphere, initially located at the origin, and an incoming particle, initially far away from the test sphere. The exact position of the incoming particle was chosen randomly in the region (−∆x 1 < x
, where R is the size of the cross-section for the incoming particles considered in the calculations. Note that, in order for an encounter to induce a significant velocity fluctuation in the test sphere, both spheres should come reasonably close to each other at some point during their motion, and we thus use R = 5 (Wang et al. 1996) (∆x 1 was set to 20R). The probability distribution used to generate the initial conditions was uniform in x 1 and x 3 , and in the shear direction we used a probability distribution proportional to the incoming flux of particles in simple shear flow, that is p(x 2 ) ∝ x 2 . The cross-section of the region of closed streamlines, perpendicular to the flow direction, is so small at ∆x 1 = 20R, that we did not observe any closed trajectory after simulating N c encounters. The motion of both spheres was then computed, using Eqs.4.5-4.7 and a time step ∆t = 10 −5 , until the incoming particle reached the point that was symmetric with respect to its initial position, that is (−x ). An excellent agreement is obtained, which confirms that the velocity autocorrelation functions in both transverse directions reach corresponding asymptotic forms in the dilute limit. It also demonstrates that, as was first suggested in paper I, the fact that both autocorrelation functions become negative at times t ∼ 1 is due to the anticorrelated motion performed by the spheres during binary collisions, i.e. the transverse velocities of the spheres involved in a binary collision are reversed at the instant at which the incoming particle goes from the approaching to the receding side of the reference sphere.
In order to investigate the effects of the steady state microstructure developed by the sheared suspensions, we performed a second type of numerical computations, in which the velocity fluctuations were calculated for a random hard-sphere distribution of particles subject to simple shear flow. That is, we first generated a random distribution of spheres at the desired concentration, and then, using the Stokesian dynamics code, we calculated the instantaneous velocity of all the spheres in the presence of a simple shear flow. We then averaged the results over many different realizations of the random hard-sphere distribution. Typically, the number of particles in each realization was the same as in the dynamic simulations, but the number of configurations was increased to N c = 256. We refer to the randomly generated hard-sphere particle distribution as Hard Sphere (HS) distribution in contrast to the Shear Flow (SF) distribution which refers to the particle distribution which is attained asymptotically after the suspension has been sheared in a simple shear flow for strains in excess of 50.
In figure 7 , we plot the diagonal components of the temperature tensor, obtained for HS distributions in simple shear flow. We can see that, as a result of the isotropic spatial distribution of particles, T 11 equals T 22 for all values of the volume fraction (within 3%).
Also, T 33 , the temperature in the vorticity direction is smaller than that in the plane of shear, as predicted in the dilute limit. The agreement between theory and numerical results is excellent in this case, with a discrepancy less than 10% for the lowest volume fraction.
As mentioned earlier, the off-diagonal terms of the temperature tensor are expected to be zero for an isotropic pair distribution function. Ω 33 Ω 11 = Ω 22 SF dilute limit Ω 11 = Ω 22 HS dilute limit Ω 33 SF dilute limit Ω 33 HS dilute limit all concentrations, as long as the distribution of spheres has the symmetries discussed previously when we analyzed the properties of the temperature tensor.
In the dilute limit, the fluctuations can be written as, Table 2 . Angular velocity fluctuations in the dilute limit, computed for two different assumed pair distribution functions, one corresponding to a random distribution of hard spheres, and the other using gBG(r). The contribution to the velocity fluctuations coming from the three different regions in gBG(r) and C(r) -c.f. Eq. 4.13 -are noted separately, i.e. the lubrication region (2 < r ≤ 2.01), the intermediate region (2.01 < r ≤ 2.5) and the far-field region (2.5 < r).
and for two freely-moving spheres we have that (Batchelor & Green 1972a) :
10)
11)
where C is a dimensionless function of r only. Using Eqs. 4.9-4.12, and assuming an isotropic pair distribution function, it can be shown that, Ω 33 = 5 Ω 11 = 5 Ω 22 for any radial dependence of the pair distribution function. Finally, using the far-field and the lubrication approximations of C(r) given by Kim & Karrila (1991) , and a linear interpolation in the intermediate region, what is observed for the HS distributions of spheres. However, we also show in figure 9 that, the calculations using g HS (r) provide a lower bound to the angular velocity fluctuations. Qualitatively, this behavior can be understood from the observation that the main difference between the results obtained for HS and SF distributions comes from the contribution of the lubrication region to the fluctuations, which is negligible in the HS case. Thus, a lower bound to the velocity fluctuations in the absence of permanent doublets can be estimated roughly using the HS distributions, which have a negligible contribution from the lubrication region.
Finally, we present the off-diagonal terms of the angular velocity autocorrelation tensor. As predicted, all terms are negligible in the dilute limit, and only the microstructure developed by the SF distributions leads to a correlationΩ 12 = 0, which in fact is in agreement with the result, referred to earlier, that t 12 = 0, and with the observed depletion of pairs of particles oriented on the receding side of the interaction (see figure 1 ).
In addition to the temperature values, the numerical simulations provide us with greater detail about the velocity fluctuations. In fact, we can obtain the full probability distribution function for the fluctuations in both the linear and angular velocity components, calculated from a histogram of the particle velocities, averaged both over δv1, v2, v3, ω1, ω2 and δω3 , are rescaled using the corresponding temperatures so that the standard deviation is unity (for example ξ = δv1/ √ T11, and similarly for the other variables). Table 3 . Fitted values for the probability density function of all the linear and angular velocity components. δv1, v2, v3, ω1, ω2 and δω3 , are rescaled using the corresponding temperatures so that the standard deviation is unity (for example ξ = δv1/ √ T11, and similarly for the other variables).
In figures for very low concentrations (φ = 0.01). In paper I, we discussed the first transition, from
Gaussian to Exponential distributions, by analogy with turbulent flows, where one observes this type of transition in the p.d.f of the velocity differences, the temperature and other passive scalars. The second transition presented here is in accordance with that analogy, in that, with decreasing concentrations, the exponent α of the distribution also decreases, implying intermittency, in that the probability of rare events is much larger than expected from Gaussian statistics (Sreenivasan 1999 ). Finally, the vorticity component of the angular velocity, ω 3 , has a mean value different from zero, due to the shear flow. In the Stokes limit, by decomposing the linear shear into a purely rotational flow and a purely straining flow, it is easy to show that the angular velocity of a single sphere is Ω 3 = −1/2 (Leal 1992) , which is therefore the expected average value in the dilute limit. For larger concentrations, however, hydrodynamic interactions between spheres should be taken into account. But, using the same superposition of flows, and due to the reflection symmetry of the purely straining flow, it can be shown that the average remains constant, and equal to Ω 3 , even in the presence of other spheres, as long as the distribution of spheres is isotropic. In figure 15 , we show the distribution of angular velocities in the vorticity direction, for φ = 0.45, 0.35, 0.25, for close spheres shows a larger probability for pairs oriented at angles 45
which is consistent with an increase in the angular speed of the spheres.
A note on LDV measurements
It is known that, due to the spatial but random distribution of the scattering sites within the spheres, LDV measurements contain spurious contributions to the linear particle velocity, resulting from the rotation of the particles, which are invariably neglected. This would appear to be permissible for the case of the temperature measurements, given that most of these spurious contributions average to zero and do not affect the variance of the velocity fluctuations because the location of the scattering sites is uncorrelated from one particle to another. In addition, Lyon & Leal (1998) estimated the contribution from the mean particle rotation to be one order of magnitude lower than the velocity fluctuations resulting from interparticle interactions, and based upon this argument neglected its effect. Shapley et al. (2002) explicitly computed the contribution of the average rotation of the spheres to the measured velocity fluctuations, but also concluded that its magnitude was negligible compared to the fluctuations resulting from collisions between particles. However, the spurious contributions to the measured velocity fluctuations originating from the mean angular velocity in the vorticity direction are independent of concentration in the dilute limit, and moreover, we have shown earlier that, again in the dilute limit, the angular velocity fluctuations are proportional to the volume fraction. Thus, it is clear that the spurious contribution to the measured velocity fluctuations due to the angular rotation of the spheres eventually becomes important, and even dominant, at low enough concentrations. For example, if the scattering sites were distributed uniformly inside the spheres, which rotate with mean angular velocity ω 3 , the measured , and that from the same measurements but corrected by the average rotation, T stay very close to the true temperature T 11 over the whole range of concentrations investigated.
Summary
The velocity fluctuations that occur when a simple shear is imposed in a macroscopically homogeneous suspension of neutrally buoyant, non-Brownian spheres, and their dependence on the microstructure developed by the suspensions, were investigated in the limit of vanishingly small Reynolds numbers by means of Stokesian dynamics simulations. These simulations account for the hydrodynamic interactions between spheres, and also include a short-range repulsion force that qualitatively models the effects of surface roughness and Brownian forces. We simulated the evolution of a large number of independent initial hard-sphere random distributions for strainsγt ∼ 100, which in our previous work, proved sufficiently long to allow us to study the system in the asymptotic, fully developed steady state (Drazer et al. 2002) .
We first discussed the angular structure developed by the suspension undergoing simple shear, and showed that, even for exceedingly short ranged interparticle forces, the distribution of particles is fore-aft asymmetric at large concentrations, with a depletion of pairs oriented in the receding side of the reference particle. On the other hand, we showed that the distribution of close particles recovered its expected fore-aft symmetry at low concentrations, but that it still remained anisotropic, with a depletion of pairs oriented close to the flow direction. We were able to accurately describe the observed anisotropy in the pair distribution function by supposing that permanent doublets were completely absent. We then showed that the pair distribution function obtained by Batchelor & Green (1972b) in the dilute limit, g BG (r), accurately follows the simulation results over a wide range of r, including the large increase in the probability of finding pairs of spheres near contact, corresponding to r ∼ 2. However, g BG (r) does not take into account the depletion of permanent doublets, and it is therefore unable to capture the behavior of the distribution in the limit r → 2. In fact, in contrast to the divergent behavior of g BG (r) for r → 2, the numerical results suggest that g(r) ∼ 0 for r less than the minimum distance of approach between two spheres in the region of open trajectories (r min ∼ 4 × 10 −5 ).
For the velocity fluctuations, we showed that, for an isotropic configurational probability of particles surrounding a reference sphere located at r, P (C N |r), the temperature tensor is diagonal and that the temperatures in the plane of shear are equal. Moreover, we showed that in the dilute limit, the temperature components are proportional to the volume fraction, and that the temperature in the plane of shear is larger than that in the vorticity direction. Then, by averaging the velocity fluctuations originated in the hydrodynamic interactions between two spheres, weighted by g BG (r), and neglecting to 1 the first approximation the effects of the permanent doublets, we computed the temperature tensor in the dilute limit, and found good agreement with the results of our numerical simulations, even for moderately concentrated suspensions. Furthermore, we were able to accurately reproduce the whole velocity autocorrelation function in both transverse directions, on the basis of only two-particle hydrodynamic interactions. In contrast, larger discrepancies were found between the corresponding results for the angular velocity fluctuations and those obtained in the numerical simulations. However, in this case we provided a rough estimate for the lower bound of the fluctuations in the dilute limit.
In order to further investigate the effects of the microstructure on the temperature tensor, we performed numerical computations in which we calculated the velocity fluctuations for a hard-sphere distribution of particles subject to the same simple shear flow.
We also calculated the asymptotic behavior in the dilute limit, using a uniform pair distribution function g HS (r) = 1, and obtained an excellent agreement with the numerical results for all the linear and angular velocity fluctuations.
In addition to the temperature tensor, we presented the full probability distribution of the velocity fluctuations for both the linear and the angular velocities, in all directions and for three different volume fractions. We observed different functional forms as the concentration decreases, from a Gaussian to an Exponential and finally to a Stretched Exponential form.
Finally, we presented a simple correction term, which only depends on the mean angular velocity of the spheres in the vorticity direction, which enhances the interpretation of the LDV measurements at intermediate and low volume fractions.
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